Abstract. In this note, we will show a backwards uniqueness theorem of the mean curvature flow with bounded second fundamental form in arbitrary codimension.
Introduction
Let X 0 : M m → R m+n be an m-dimensional immersion in the (m+n)−dimensional Euclidean space. The mean curvature flow (MCF) is a deformation of the position vector X, starting from X 0 at t = 0, in the direction of the mean curvature vector H,
In general, the MCF can be written as a quasilinear parabolic equation
where g(t) is the induced metric on M m , and ∆ g(t) X is the harmonic map Laplacian from (M, g(t)) to R m+n . When M m is a compact hypersurface in the Eucidean space R m+1 , it is well-known that the MCF has a unique short time solution. For mdimensional complete immersed local Lipschitz hypersurface in R m+1 , we refer the readers to [3] for more information. While the short time existence and uniqueness of MCF have not been established in the literature for complete immersed submanifolds of arbitrary codimensions in a general ambient Riemannian manifold, Chen and Yin [2] have proved the uniqueness of the MCF of general codimensions and in general ambient manifolds with bounded geometry. Our main theorem of this paper is the following backwards uniqueness result of MCF. 
for all x ∈ M. Then we have
In particular, the isometry subgroup of (M m , g(T )) induced by an isometry subgroup of R m+n remains to be an isometry subgroup of
The study of backwards-uniqueness and unique-continuation properties for solutions of parabolic equations has a long history ( c.f. Mizohata [9] , Yamabe [13] , Lees-Protter [7] , Agmon-Nirenberg [1] , Lin [8] and the references therein). In a recent work of Kotschwar [5] , he showed a backwards uniqueness theorem for the Ricci flow, which is a weakly parabolic system, with bounded curvature. In fact, Kotschwar [5] was able to deal with the backwards uniqueness problem for some more general weakly parabolic system. One of the key points in his work is to reduce the backwards uniqueness problem for weakly parabolic system to one for a larger system of coupled differential inequalities, a pair of partial differential inequality and ordinary differential inequality.
On the other hand, Wang in [10] obtained an uniqueness result for asymptotically conical co-dim one MCF self-shrinker, by reducing to the backwards uniqueness of related self-shrinking solutions to the MCF. By the same general strategy, Kotschwar and Wang [6] proved a similar uniqueness theorem for asymptotically conical shrinking gradient Ricci solitons.
In this paper, motivated by geometric applications of submanifold theory, we consider the backwards uniqueness problem of the MCF. As in [5] , we want to convert Theorem 1.1 into a backwards uniqueness for a PDE-ODE system. But there is a difficulty that we can not construct geometric tensor fields as in [5] , since the second fundamental form h i j andh i j are defined in different domains X andX on the target space. To deal with this problem, we notice that the target space is the Euclidean space, which has a fixed globe coordinate system. So we can decompose all the geometric quantities on X andX, and get some abstract intrinsic tensors on M from the pullbacks. Fortunately, by a long computations, we can show that these tensors satisfy a PDE-ODE system, from which the backwards uniqueness result follows.
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Preliminaries
Let X(x, t) : M m → R m+n be one-parameter family of smooth immersions in R m+n evolves by the mean curvature flow
For any fixed X(t), we have an induced metric g on M m . And the second fundamental form II define by II(V, W) =∇ṼW − ∇ṼW = (∇ṼW) ⊥ , where∇ and ∇ are the covariant derivatives of R m+n and (M m , g) respectively,Ṽ andW are any smooth extensions of V and W on R m+n .
For a local coordinate system {x i } of M, the metric and second fundamental form on X can be computed as follows
and the mean curvature vector H = g i j h i j .
In the following, we always give the standard coordinate system {y α } for R m+n and then the immersion can be denote by X(x, t) = (X 1 , · · · , X α , · · · , X m+n ). Thus the metric and second fundamental form are given by the following
The immersion X(t), second fundamental form h i j (t) and mean curvature vector H(t) are all extrinsic geometric quantities. However, for the fixed coordinate {y α } of R m+n , we have some simply facts. Thus, we have a Riemannian metrics g i j (t) on M, and get some intrinsic geometric quantities X α (t), h α i j (t) and H α (t). Further more, the above geometric quantities satisfies the following evolution equations.
For the further computation, we need the Simon's identity Lemma 2.3.
where the curvature tensor R i jkl can be obtain from the Gauss equation
R i jkl = α h α ik h α jl − h α il h α jk ,
and the Ricci curvature tensor R i j
= g kl R ik jl = α H α h α i j − g kl h α ik h α jl .
The PDE-ODE system
Let X(t) andX(t) be two complete solutions of mean curvature flow on M for t ∈ [0, T ], which induce two family of functions X α andX α , two Riemannian metrics g(t) andg(t). Hence by Lemma 2.1, we have two family of tensors h α and h α . Consequnesly, we denote by ∇ and∇ their Levi-Civita connections, and by R andR their Riemannian curvature tensors.
Fixed the metric g(t) on M. We introduce the tensor field d g −g, N ∇ −∇, W ∇N,.
On the other hand, for any fixed α, we denote by
Then we have the following PDE-ODE system. 
Let us denote by A * B any tensor product of two tensors A and B by g when we do not need the precise expression. For example, since g i j −g i j = −g ia g ja d ab , and ∂ ∂t
Furthermore, we denote by eeeeee3ee a linear combination of tensors A * C, B * B * C, etc. Hence
Now we will give the evolutions of the component of Y and Z. 
Proof. Since
then by Proposition 2.2, we can get 1), 2) and 3). Note that
Then by the fact that ∇A − ∇A = N * A for any tensor A, we obtain 4).
For 5) and 6), from Proposition 2.2,
and since∇∇A = ∇∇A + N * ∇A + W * A + N * N * A, we havẽ
hence we can get 5).
On the other hand,
Note that by the Gauss equation, we obtain ∂ ∂t
On the other hand, since∇∇A = ∇∇A + N * ∇A + W * A + N * N * A, we havẽ
Combine the above equations, we can get 6).
Now follow a similar argument of Kotschwar [5] , we can prove Theorem 3.1.
Proof. By the stander Berstein estimate of MCF, once h andh are uniformly bounded, all higher derivatives ∇ (k) h and∇ (k)h are uniformly bounded. This can be shown by induction and originally prove for hypersurfaces by Huisken [4] . Thus for any 0 < δ < T and k ≥ 0, there exist constant C k andC k , such that
On the other hand, by the Gauss equation, the curvature R andR are all bounded, which implies the uniformly equivalent of g andg, that is, there exist constants γ, such that Since N(T ) = 0, by the evolution of N, we have
Similarly, we can obtain the bounded of W. Then the theorem follow the Cauchy-Schwarz inequality.
Backwards uniqueness of the mean curvature flow
Now we can prove our main theorem. 
σ • X(t))(x) = (X(t) • σ)(x).
This complete the proof of Corollary 1.2.
